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Abstract
We study the chiral vortical conductivity in a holographic Weyl semimetal model
which describes a topological phase transition from the strongly coupled topologi-
cally nontrivial phase to a trivial phase. We focus on the temperature dependence
of the chiral vortical conductivity where the mixed gauge-gravitational anomaly
plays a crucial role. After a proper renormalization of the chiral vortical conduc-
tivity by the anomalous Hall conductivity and temperature squared, we find that
at low temperature in both the Weyl semimetal phase and the quantum critical re-
gion this renormalized ratio stays as universal constants. Furthermore, we provide
numerical evidence that this ratio in the quantum critical region depends only on
the emergent Lifshitz scaling exponent at the quantum critical point.
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1 Introduction
Quantum anomaly induced macroscopic transport physics has attracted great attention
recently. On the one hand, the anomalous transports can be studied from many dif-
ferent theoretical approaches, including quantum field theory, chiral kinetic theory, hy-
drodynamical method and also holographic methods etc. Most interestingly, universal
behaviors for these anomalous transports are found to be completely determined by the
anomaly coefficients, including chiral magnetic effect and chiral vortical effect [1, 2]. On
the other hand, the anomalous transports play a crucial role in the dynamics of many
different real physical systems involving chiral fermions, ranging from the quark gluon
plasma created at RHIC and LHC [3], Neutron stars [4,5], to the more recently discovered
Weyl semimetals [2, 6].
Mixed gauge-gravitational anomaly is one of the novel quantum anomalies, which is
the gravitational contribution to the axial anomaly. At finite temperature, the mixed
gauge-gravitational anomaly contributes to the chiral vortical conductivity [7]. More
precisely, for a chiral many-body system at finite temperature, the axial current is gen-
erated along the direction of rotation in the form of J5 = σVω with σV = cgT
2 and
cg = 32pi
2ζ where ζ is the coefficient of the gravitational contribution to the axial
1
anomaly ∂µJ
µ
5 = ζ
µνρσRα βµνR
β
αρσ [7, 8]. An incomplete list on the developments of
the studies on chiral vortical conductivity is [9–21]. It was reported recently in [22] that
the effect of positive longitudinal magneto-thermoelectric conductivity linked to mixed
gauge-gravitational anomaly has been observed in the Weyl semimetal NbP.
Most of the previous studies of chiral vortical conductivity focused on systems with
time reversal symmetry. However, in Weyl semimetals where low energy excitations be-
have as chiral fermions, the time reversal symmetry could be explicitly broken by the
separation of the Weyl nodes and there might be novel effects on chiral vortical conduc-
tivity. Furthermore, Weyl semimetals can go through a topological phase transition to
a topological trivial phase. In the critical regime and the trivial phase, since there is no
obvious notion of chiral symmetry from the weakly coupled field theory the computation
of chiral vortical conductivity as well as other anomalous transports, might be a chal-
lenging work. Nevertheless, it is still expected that the chiral vortical conductivity shows
some interesting behaviors across the phase transition.
The calculation of anomalous transports might be easier for strongly coupled Weyl
semimetal. A candidate for strongly coupled Weyl semimetals in the laborary has been
recently reported in [23]. The goal of this work is to investigate the chiral vortical
effect induced from the mixed gauge-gravitational anomaly in strongly interacting Weyl
semimetals. The strongly coupled Weyl semimetal can be studied within the framework
of holography [24,25], in which the Ward identities of the dual system is the same as the
one from weakly coupled field theory, although there is no notion of band structure. It was
shown in [24,25] that in the holographic Weyl semimetal model there is a quantum phase
transition between the topologically nontrivial phase and a trivial phase by tuning the
ratio between the mass parameter and the time reversal symmetry breaking parameter.
Other aspects of the holographic Weyl semimetal have been explored in [26–33]. A recent
review on the holographic Weyl semimetals can be found in [34].
In the following we shall use Kubo formulae to calculate the chiral vortical conductiv-
ity in different phases of holographic Weyl semimetal. Due to the fact that the axial gauge
field is screened in the background of a scalar field, the anomalous Hall conductivity and
chiral vortical conductivity should have the same normalization factor.4 For this reason
we use the anomalous Hall conductivity to normalize the chiral vortical conductivity, and
study the universality of this renormalised quantity in different phases. We also comment
on the behavior of odd (Hall) viscosity in this paper.
This paper is organized as follows. We first review the holographic Weyl semimetal
model to fix the conventions in Sec. 2. In Sec. 3, we calculate the chiral vortical conduc-
tivity and study its universality upon normalization by the anomalous Hall conductivity.
4More details on this point will be discussed in Sec. 3.1.
2
We conclude with discussion in Sec. 4. The details of the calculation are in the appendix.
2 Setup
We start from the holographic Weyl semimetal model [24,25]5 which is described by the
following action
S =
∫
d5x
√−g
[
1
2κ2
(
R +
12
L2
)
− 1
4e2
F2 − 1
4e2
F 2 + abcdeAa
(
α
3
(
FbcFde + 3FbcFde
)
+ ζRmnbcR
n
mde
)
− (DaΦ)∗(DaΦ)− V (Φ)
]
, (2.1)
where 2κ2 is the five dimensional gravitational coupling constant, and L is the AdS radius.
We shall set 2κ2 = L = 1 from now on. Two U(1) gauge fields Va and Aa are dual to the
vector current and the axial current respectively, and their field strengths are
Fab = ∂aVb − ∂bVa , Fab = ∂aAb − ∂bAa . (2.2)
The Chern-Simons terms are introduced to give the correct anomalous structure for
the dual field theory, including U(1)3A and U(1)AU(1)
2
V anomaly and mixed gauge-
gravitational anomaly. The scalar field Φ is axially charged and has the potential
DaΦ = (∂a − iqAa)Φ , V (Φ) = m2|Φ|2 + λ
2
|Φ|4 . (2.3)
We will choose m2 = −3, λ = 1/2, q = 4/5 without loss of generality in this paper.6
The ansatz for the background at finite temperature is
ds2 = −udt2 + dr
2
u
+ f(dx2 + dy2) + hdz2 , A = Azdz , Φ = φ(r) , (2.4)
where u, f, h, Az, φ are functions of the radial coordinate r. The equations of motion for
these fields can be found in [24]. From the conserved quantity (
√
h(u′f − uf ′))′ = 0, one
concludes f = u at the zero temperature. This is also consistent with the intuition that
there is an SO(1, 2) symmetry along t, x, y directions for the zero temperature dual field
theory. Close to the UV boundary, we have limr→∞Az = b and limr→∞ rφ = M , which
are the time-reversal symmetry breaking parameter and the axial symmetry breaking
parameter separately. The details of the expansion for the background fields near the
boundary can be found in appendix A.
5Note that abcde =
√−gεabcde with ε0123r = 1.
6In section 3.2 we shall switch the parameters λ and q while keep the scaling exponent fixed to study
the universality of the anomalous transports after a proper renormalization in the critical region.
3
At zero temperature there exist three different kinds of near horizon solutions, which
flow to three different regimes of M/b at the UV boundary [24]. In the following, we
briefly summarize these three kinds of IR solutions near the horizon, and highlight the
emergent symmetry of the Lifshitz-type critical solution.
Weyl semimetal phase: At the leading order the first type of IR solution is an AdS5
with non vanishing axial gauge field Az(r = 0). Including the subleading correction, it
takes the form
u = r2 , h = r2 , Az = a1 +
pia21φ
2
1
16r
e−
2a1q
r , φ =
√
piφ1
(a1q
2r
)3/2
e−
a1q
r , (2.5)
where a1, φ1 are the parameters for the IR geometry that are related to the parameters
M and b for the UV geometry via RG flow. This type of IR geometry can flow to UV
with M/b < 0.906 for λ = 1/2, q = 4/5.
Quantum critical point : At the leading order the second type of IR solution is
ds2 = u0r
2(−dt2 + dx2 + dy2) + dr
2
u0r2
+ h0r
2βdz2 ,
Az = r
β , φ = φ0 . (2.6)
With irrelevant perturbation, the IR geometry can flow to UV and it turns out in UV
(M/b)c ' 0.906, which corresponds to the critical point in the topological quantum
phase transition [24]. This critical solution has anisotropic Lifshitz-type symmetry under
the scaling transformation (t, x, y, r−1) → s(t, x, y, r−1) and z → sβz. There are four
numerical values {u0, h0, β, φ0} that are determined by the value of λ,m and q. In
particular, β depends on two parameters q, λ as
β = − 2q
2
−3− 2q2 + λφ20
, (2.7)
where φ0 depends on q, λ in a complicated way. Therefore, we can continuously tune q
and λ to obtain different critical solutions which have the same emergent Lifshitz scaling
exponent β. This makes it possible to study the relations between the anomalous trans-
ports and the emergent Lifshitz scaling exponent. Furthermore, the null-energy condition
constrains that β ≤ 1 and regularity of solutions demands that β > 0, i.e., β ∈ (0, 1] [29].
Topological trivial phase: The third type of IR solution at the leading order is an AdS5
with non vanishing φ. It takes the form
u = (1 +
3
8λ
)r2, h = r2, Az = a1r
β1 , φ =
√
3
λ
+ φ1r
β2 , (2.8)
4
where (β1, β2) = (
√
1 + 48q
2
3+8λ
− 1, 2
√
3+20λ
3+8λ
− 2). This type of IR geometry can flow to
the asymptotic AdS boundary with M/b > 0.906.
The anomalous Hall conductivity in these three different regimes behaves as shown in
the plot of Fig. 1. For T/b = 0, the discontinuity of σAHE/b indicates that there is a
quantum phase transition at the quantum critical point (QCP) Mc/b ' 0.906. At finite
temperatures T/b > 0, the QCP is enlarged to a quantum critical region (QCR). As a
result, the sharp line becomes smooth crossovers. In the Weyl semimetal phase, σAHE/b
is independent of T/b at low temperatures.
T/b=0.2
T/b=0.1
T/b=0.05
T/b=0.04
T/b=0.03
T/b=0
0 1 2 3 4
0.0
0.2
0.4
0.6
0.8
1.0
M/b
σAHE
8αb
Figure 1: Anomalous Hall conductivity as a function of M/b at zero and finite temperatures
in the holographic Weyl semimetal for m2 = −3, λ = 1/2, q = 4/5. High (T/b = 0.2, 0.1), low
(T/b = 0.05, 0.04, 0.03), and zero temperatures (T/b = 0) are in dashed, solid and thick lines,
respectively.
3 Chiral vortical conductivity and the universality
In this section, we will study the chiral vortical conductivity at finite temperature in the
holographic model (2.1). We will first focus on the crossover of chiral vortical conductivity
across the topological phase transition at different temperatures. From field theory point
of view this is to investigate how the fermion mass influences the chiral vortical effect
in a time reversal symmetry breaking system. Note that, we will concentrate on the
contribution induced from the mixed gauge-gravitational anomaly. In Sec. 3.2, we will
study the physics in the critical region, including the behaviors of the chiral vortical
conductivity and odd (Hall) viscosities. Since different critical ground states could have
same emergent scaling exponent β of the Lifshitz symmetry, as explained at the footnote
6, we will verify the possible existence of universal physics in the critical region.
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3.1 Chiral vortical conductivity
The chiral vortical conductivity for the dual field theory of the holographic model can be
computed from the Kubo formula
σV = lim
kl→0
i
2kl
∑
m,n
lmn〈Jn5 T tm〉
∣∣∣
ω=0
, (3.1)
where m,n, l ∈ {x, y, z}, J5 is the axial current and T µν is the energy momentum tensor.
The holographic Weyl semimetal is an anisotropic system and we have two indepen-
dent chiral vortical conductivities. For simplicity, we shall focus on the component with
fluctuation along the z-direction,7 i.e. we choose kz → 0 limit in (3.1).
We switch on the following perturbations
δgti = htie
ikzz , δgiz = hize
ikzz , δAi = aie
ikzz (3.2)
for i ∈ {x, y}. With six perturbation fields in consideration, one obtains rather intractable
equations of motion for δAi as the corresponding response to the source δgtj. The details
of equations can be found in appendix B. For all the fields we expand as e.g. ai =
a
(0)
i + kza
(1)
i + . . . , and we solve the equations order by order in kz. At zeroth order, the
solutions are h
(0)
ti = u and a
(0)
i = 0. At first order, h
(1)
ti = 0 and the equation of motion
for a
(1)
i is
a
(1)′′
i +
(
u′
u
+
h′
2h
)
a
(1)′
i −
(
2q2φ2
u
− A
′2
z
h
)
a
(1)
i −
2iζ√
h
ij
(
u′
u
− f
′
f
)
L1 = 0 , (3.3)
with
L1 =
[
−
(
2h′
h
+
f ′
f
)
h
(0)′
tj +
((
f ′′
f
− h
′′
h
)
+
3h′
2h
(
f ′
f
+
h′
h
)
+
A′2z
h
)
h
(0)
tj
]
, (3.4)
where xy = −yx = 1. Note that this equation of motion decouples from hiz. We make
some observations here before discussing the numerical results:
• When T = 0, u = f , the chiral vortical conductivity vanishes. In other words, at
zero temperature, the rotation cannot induce any axial current.
• At finite temperature σV ∝ ζ. This indicates that the chiral vortical effect in this
system is completely induced from the mixed gauge-gravitational anomaly.
7To consider the other component of the chiral vortical conductivity, we need to turn on all the
fluctuations around the background to do the calculation. This is extremely complicated and beyond
the scope of this work.
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• When φ = 0, we have Az = b, f = h = r2, and u = r2
(
1 − r40
r4
)
. This is exactly the
Schwarzschild background with a constant Az. The equation of motion (3.3) can be
solved analytically. From the equation (3.3), one obtains
a
(1)
i =
∫ r
r0
dr˜
[
32iζr80
u
√
hr˜6
− 32iζr
2
0
u
√
h
]
. (3.5)
Therefore, a
(1)
i =
16iζr20
r2
near the boundary with r0 = piT and one obtains σV =
32pi2ζT 2. This is exactly the same as results in [7, 8] in the zero density limit.
• For the generic case with φ 6= 0, there is not an analytical bulk solution. The
numerical tool is necessary to obtain the chiral vortical conductivity.
The numerical approach to solving (3.3) is summarized as follows. First, we numeri-
cally obtain the background solution [27]. Starting from the near horizon geometry, one
can integrate to the boundary to obtain the whole geometry in the bulk. Due to the scal-
ing symmetries, there are two free shooting parameters, which correspond to M/b and
T/b in the dual field theory. Then with the background solution obtained for given M/b
and T/b, the equation (3.3) can be solved with the appropriate regular boundary con-
dition at the horizon and the sourceless boundary condition at the conformal boundary.
The details to obtain the Green’s function can be found in appendix B.
For convenience, we define the dimensionless mass, the dimensionless temperature
and the dimensionless (normalized) conductivities as
Mˆ ≡ M
b
, Tˆ ≡ T
b
, σ˜AHE ≡ σAHE
8αb
, σ˜V ≡ σV
32pi2ζb2
. (3.6)
In Fig. 2, we numerically demonstrate the reduced chiral vortical conductivity over
temperature squared σ˜V /Tˆ
2 as a function of Mˆ at various temperatures. When Mˆ → 0,
one obtains σV = 32pi
2ζT 2 which is the case that we do not explicitly break the chiral
symmetry [7, 8]. When Mˆ increases, the chiral vortical conductivity decreases. Within
the Weyl semimetal phase, as the temperature is sufficiently low (Tˆ ≤ 0.05), σ˜V /Tˆ 2
shows a perfect coincidence, similar to the anomalous Hall conductivity in Fig 1. This
means that σ˜V ∝ Tˆ 2 in the Weyl semimetal phase. In the quantum critical region and the
topologically trivial phase, the chiral vortical conductivity decreases monotonically and
approaches zero as a result of the degrees of freedom of chiral fermions being gradually
gapped out. It is interesting to note that Fig. 2 shows the mass dependence of σ˜V /Tˆ
2 of
the strongly coupled massive fermion system, which behaves qualitatively the same as the
investigation of mass effect of chiral vortical effect in the weakly coupled massive fermion
system [35, 36]. We should emphasize that in our studies the time reversal symmetry is
broken while this symmetry is preserved in [35,36].
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Figure 2: The dependence of the chiral vortical conductivity σ˜V over Tˆ 2 on Mˆ at different tem-
peratures. σ˜V /Tˆ
2 exhibit similar behavior with respect to σ˜AHE as a function of dimensionless
Mˆ .
Moreover, from Figs. 1 and 2 one may notice that σ˜V /Tˆ
2 shows very similar behavior
compared to σ˜AHE.
8 Although both of these two conductivities approach zero at large
Mˆ  Mˆc, the ratio of these two conductivities shows nontrivial physics. The reason to
investigate the normalised ratio of σ˜V /Tˆ
2 to σ˜AHE is motivated by the suggestion made
in [29] that when we compute the two point correlation functions, proper renormalization
effect of the axial current should be taken into account. In other words, when we consider
the physics at low energy scale near the Fermi surface, the DC conductivities will be
related to the IR coupling of the external fields, which is in general different from the
UV strength. Following [29] we introduce a renormalized factor
√
ZA satisfying√
ZAb = b
IR , (3.7)
where
b = lim
r→∞
Az , b
IR = Az(r0) . (3.8)
This coupling renormalization has impacts both on the anomalous Hall conductivity
σ˜AHE and the chiral vortical conductivity σ˜V , as shown in the leading order contribution
of Feynman diagrams for the anomalous contributions to the two-point correlators 〈JJ〉
and 〈J5T 〉 in Fig. 3.
Therefore, to uncover the possible universal physics at low energy, we renormalize the
chiral vortical conductivity through σ˜AHE. The behavior of σ˜V /(σ˜AHETˆ
2) as a function
of Mˆ is shown in Fig. 4, from which several universalities regarding to chiral vortical
8Note that there is one obvious difference that at zero temperature σ˜V vanishes in all the three phases
while σ˜AHE does not vanish in the Weyl semimetal phase.
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J5
J
J
J5
T
μν
T
μν
Figure 3: Feynman diagrams of the leading-order corrections to the two-point correlators
〈JJ〉 and 〈J5T 〉. These are the most significant contributions when computing the anomalous
Hall (the left plot) and the chiral vortical (the right plot) conductivities. The blue dot in each
diagram represents the renormalized factor that is proportional to
√
ZA. Both the two diagrams
scale as
√
ZA.
effect could be revealed. Firstly, in the Weyl semimetal phase at low temperatures, the
ratio is almost a constant due to the cancellation of infrared screening in both these two
transports. Although with different choices of Mˆ the underlying bulk geometries have
different profiles, this ratio is in coincidence with the case Mˆ = 0. More interestingly,
this property is the same in the topological nontrivial phase for all possible choices of
(q, λ) that allow a quantum phase transition in this holographic model. Secondly, in the
quantum critical region σ˜V /σ˜AHE ∝ Tˆ 2. More universal behaviors for the mixed anomaly
induced transports in this phase will be studied in detail in Sec. 3.2. Thirdly, at large
enough Mˆ  Mˆc, the ratio approaches another value, which is independent of Tˆ and is
greater than one while this value depends on the choice of (q, λ).
3.2 Universality of Mixed Anomaly Induced Transports
In this subsection, we will focus on the universal physics of the mixed gauge-gravitational
anomaly induced transports in the quantum critical region.
As shown in Fig. 4, in the vicinity of the QCP located at Mˆc ' 0.906, σ˜V /(σ˜AHETˆ 2)
tends to exhibit overlaps for a variety of low temperatures. One can clearly find the
temperature-dependence of the renormalized chiral vortical conductivity from Fig. 6.
As is adequately discussed in [27], at low temperature, the scaling behavior of σ˜AHE
in the quantum critical region is determined from the anisotropic scaling exponent β,
i.e., σ˜AHE ∝ Tˆ β. However, for σ˜V , we cannot analytically express it in terms of the
horizon data due to the nonexistence of a radially conserved quantity. Nevertheless, a
careful analysis of numerical data shows that, there exists an exact power law for the
9
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Figure 4: The normalized chiral vortical conductivity σ˜V over normalized anomalous Hall
conductivity σ˜AHE and Tˆ
2 as a function of dimensionless Mˆ at different temperatures. The
perpendicular grid-line at Mˆc = 0.906 indicates the QCP. High temperatures (Tˆ = 0.2, 0.1)
and low temperatures (Tˆ = 0.05, 0.04, 0.03) are in dashed and solid lines, respectively. At low
temperature the ratio departs from a constant value in the Weyl semimetal phase, increases in
the vicinity of the QCP and reaches a temperature-independent value at large Mˆ .
normalized chiral vortical conductivity when Tˆ → 0, i.e., σ˜V ∝ Tˆ γ2 . In Fig. 5, we show
the temperature scaling exponents γ1, γ2, γ3 of σ˜V /σ˜AHE, σ˜V , and σ˜AHE and find that these
three exponents nicely match with (γ1, γ2, γ3) = (2, 2 + β, β).
γ1γ2γ3
0.00 0.02 0.04 0.06 0.08 0.10
0.0
0.5
1.0
1.5
2.0
2.5
T

γi
Figure 5: The temperature scaling exponents γi with {γ1, γ2, γ3} for {σ˜V /σ˜AHE, σ˜V , σ˜AHE}
respectively at the critical value Mˆc = 0.906 in the low-temperature regime. The three dashed
lines from top to bottom denote γ = 2 + β, 2 and β with β = 0.353.
We also find that the renormalized chiral vortical conductivity exhibit universal be-
haviors in the quantum critical region as shown in Fig. 6. When we fix the IR scaling
10
q=0.8 β=0.353
q=0.85 β=0.353
q=0.9 β=0.353
0.030 0.035 0.040 0.045 0.050
0.0000
0.0005
0.0010
0.0015
0.0020
0.0025
T

σVσAHE
Figure 6: Universality of σ˜V /σ˜AHE at low temperatures in the quantum critical region with
the IR scaling exponent β = 0.353. With β fixed, the choices of (q, λ) are (0.8, 0.5) (blue),
(0.85, 0.308) (orange-dashed), (0.9, 0.027) (green-dotdashed) with Mˆc = 0.906, 0.808, 0.730,
respectively. However, σ˜V /σ˜AHE is independent of the choice of (q, λ) and is only a function of
β and Tˆ .
exponent β = 0.353 without loss of generality, and change the two parameters q and λ in
this holographic model, the locations of the QCPs Mˆc are different. However, σ˜V /σ˜AHE
in the cases with different (q, λ) while same β show exactly the same dependence on Tˆ
at low temperature, while neither σ˜V nor σ˜AHE alone behave in the same way. Therefore,
numerical evidences strongly suggest that
σ˜V
σ˜AHE
= c(β)Tˆ 2 (3.9)
in the quantum critical region, where c(β) is introduced as a coefficient function of the
scaling exponent β.
With fixed β = 0.353, one can study the behavior of c(β) at low temperatures as shown
in Fig. 7. Due to numerical difficulties, the temperature Tˆ can not be arbitrarily small.
Fig. 7 shows that this coefficient function c(β) changes very slowly with a negative slope
at about ∆c/∆Tˆ ≈ −0.27. From a linear interpolation as shown by the black dashed
line in Fig. 7 one can read c|Tˆ→0 from which one gets the numerical difference between
c|Tˆ=0.03 and c|Tˆ→0 9
c|Tˆ=0.03 − c|Tˆ→0
c|Tˆ=0.03
' −0.8% (3.10)
9This coefficient function is not well-defined at zero temperature where chiral vortical conductivity
vanishes. Also, c|Tˆ→0 is obtained from fitting the existing data as shown by the black dashed line in Fig.
7.
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for β = 0.353. We have checked that the numerical error is always small for β ∈ (0, 1).
This indicates that it is reasonable to obtain this coefficient function c(β) at Tˆ = 0.03,
given that the solutions are inaccessible at too low temperatures.
q=0.8 β=0.353
q=0.85 β=0.353
q=0.9 β=0.353
0.00 0.02 0.04 0.06 0.08 0.10
0.8
0.9
1.0
1.1
1.2
1.3
T

σV
T
 2 σAHE
Figure 7: The coefficient function c(β) at low temperatures for β = 0.353. One finds
that at low temperatures c(β = 0.353) is almost a constant. The black dashed line is
the interpolation of c(β) to Tˆ = 0 from which we can get the numerical error between
c|Tˆ=0.03 and c|Tˆ→0.
Due to the extremely small numerical error (3.10) we expect that the value c(β) is
universal at low temperature and it does not depend on the details of the dual theory
while it only depends on the Lifshitz exponent β at low energy. In Fig. 8 we numerically
show the β-dependence of this coefficient function c(β) in a series of strongly coupled
Lifshitz-like quantum critical systems. c(β) monotonically increases with respect to β.10
It would be very intriguing to compute c(β) from kinetic theory and hydrodynamics to
compare to this numerical result from the holographic approach.
It is expected that similar universalities exist for other mixed gauge-gravitational
anomaly induced transports such as odd (Hall) viscosities ηH‖ and ηH⊥ in the quantum
critical region, as is shown in Fig. 9. Different from the chiral vortical conductivity,
these two odd viscosities can be obtained directly from the near-horizon geometry [27].
In addition to the universal behaviors relying on the anisotropic scaling exponent β
as Tˆ → 0, one can also notice that as the temperature is increased, these behaviors
10The odd (Hall) viscosity has been studied recently in [37] by considering the field theory for critical
Lifshitz fermions at finite temperature, which is different from our study where the Lifshitz symmetry
is an exact symmetry only at zero temperature in the IR fixed point. In our study there will always
be a small deviation from Lifshitz symmetry due to some irrelevant deformations at low and finite
temperature.
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Figure 8: c(β) defined in (3.9) as a function of the anisotropic scaling exponent β in the
quantum critical region.
gradually disappear. This can be viewed as an evidence that the thermal effect depresses
the quantum effect. One can again examine the coefficient functions from these two odd
viscosities. However, different from the chiral vortical conductivity, the related numerical
errors for odd viscosities are much larger in the regime of the temperature we considered,
which makes numerical results not very useful. It is expected that when the temperature
is sufficiently low the numerical error will be under control and there will be similar
universalities in the coefficients functions as the case of chiral vortical conductivity. We
will not discuss them here.
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Figure 9: Universality of odd viscosities ηH‖ and ηH⊥ at different QCPs with the same β =
0.353. These two mixed anomaly induced viscosities only depend on the scaling factor β in the
quantum critical region.
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4 Conclusions
We have studied the chiral vortical conductivity in a holographic Weyl semimetal model
[24] in which there exists a quantum phase transition between the strongly coupled topo-
logically nontrivial phase and a trivial phase. Motivated by [29] we renormalized the chi-
ral vortical conductivity by the anomalous Hall conductivity and temperature squared,
and explored the universal physics of this ratio at low temperature. We found in the
Weyl semimetal phase, at low temperature the renormalized chiral vortical conductivity
σ˜V /(σ˜AHETˆ
2) stays a constant. In the quantum critical region, the renormalized chiral
vortical conductivity is also a constant value, which only depends on the IR scaling expo-
nent β at the quantum critical point, while independent of the microscopic details of the
dual theory, e.g. we can get the same constant by choosing different values of λ, q which
give rise to different Mc/b but with the same IR scaling exponent β. In the topologically
trivial phase, for sufficiently large M/b the renormalized chiral vortical conductivity goes
to another constant which typically depends on the details of the theory.
The universality in the quantum critical region is quite intriguing. The numerical
evidences from holography indicate that the scaling exponent β is the only parameter for
the mixed gauge-gravitational anomaly induced chiral vortical conductivity discussed in
Sec 3. These convincible evidences from holography might motivate one to consider the
role of mixed gauge-gravitational anomaly in the Lifshitz-like critical systems for weakly-
coupled theories and also from other computational approaches. A probable alternative
approach is to study the quantum field theory consisting of a massive fermion coupled to
an axial U(1) field with a background U(1)A field along spatial directions and calculate
the chiral vortical conductivity and the anomalous Hall conductivity at finite temperature
to study the universalities of these transports.
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A Asymptotic expansions for the background fields
Near conformal boundary, the background fields can be expanded as
u = r2 − M
2
3
+
M4 (2 + 3λ)
18
ln r
r2
− Mb
3r2
+ . . .
f = r2 − M
2
3
+
M4 (2 + 3λ)
18
ln r
r2
− f3
r2
+ . . .
h = r2 − M
2
3
+
(
M4 (2 + 3λ)
18
+
q2b2M2
2
)
ln r
r2
+
h3
r2
+ . . .
Az = b− bM2q2 ln r
r2
+
ζ
r2
+ . . .
φ =
M
r
− ln r
6r3
(
2M3 + 3b2Mq2 + 3M3λ
)
+
O
r3
+ . . . .
B Calculations of chiral vortical conductivity
We outline the details of calculating the chiral vortical conductivity. Note that in the
field theory the chiral vortical conductivity can be obtained by Kubo formulae (3.1). In
holography, we consider the following fluctuations
δgjz = δgzj = hjz (r) e
ikzz , δgtj = δgjt = htj (r) e
ikzz , δAj = aj (r) e
ikzz , (B.1)
with j ∈ {x, y}. The equations of motion are
h′′ti +
h′
2h
h′ti + C1hti −
2iζkz√
h
ij
[
D1
(
h′jz −
f ′
f
hjz
)
+ E1a
′
j + F1aj
]
= 0 , (B.2)
h′′iz +
(
u′
u
− h
′
2h
)
h′iz +
(
f ′h′
2fh
− f
′′
f
− f
′u′
fu
)
hiz + A
′
za
′
i +
2q2φ2Az
u
ai
−2iζkz√
h
ij
[
A′z
(
u′
u
− f
′
f
)
h′tj +G1htj
]
= 0 , (B.3)
a′′i +
(
u′
u
+
h′
2h
)
a′i −
(
2q2φ2
u
+
k2z
hu
)
ai − A
′
z
h
(
h′iz −
f ′
f
hiz
)
−2iζkz√
h
ij
(
E1
u
h′tj +H1htj
)
= 0 , (B.4)
and constraint equation
h′iz −
f ′
f
hiz + A
′
zai −
2iζkz√
h
ij
(
u′
u
− f
′
f
)
A′zhtj = 0 , (B.5)
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where i, j ∈ {x, y}, xy = −yx = 1, and the coefficients C1, D1, E1, F1, G1, H1 are
C1 = −f
′′
f
− f
′h′
2fh
− k
2
z
hu
,
D1 =
uA′z
h
(
u′
u
− f
′
f
)
,
E1 = −u
(
u′
u
− f
′
f
)(
2h′
h
+
f ′
f
)
,
F1 = 2u
′′′ − 2uf
′′′
f
− 2uf
′3
f 3
+ u′
(
2f ′2
f 2
− 4f
′′
f
)
+
4uf ′f ′′
f 2
,
G1 =
(
u′
u
− f
′
f
)(
A′′z −
3h′
2h
A′z
)
,
H1 =
(
u′
u
− f
′
f
)[(
f ′′
f
− h
′′
h
)
+
3h′
2h
(
f ′
f
+
h′
h
)]
.
It is easy to show that (B.5) is consistent with (B.3) by using the equation of motion for
the background fields. Thus hiz is completely determined by ai and htj.
The above equations can be further simplified as
h′′ti +
h′
2h
h′ti +
(
C1 − 2ζ
2k2z
u
D21
)
hti − 2iζkz√
h
ij
[
E1a
′
j + (F1 −D1A′z) aj
]
= 0 ,
a′′i +
(
u′
u
+
h′
2h
)
a′i −
(
2q2φ2
u
+
k2z
hu
− A
′2
z
h
)
ai − 2iζkz√
h
ij
[
E1
u
h′tj +
(
H1 +
D1
u
A′z
)
htj
]
= 0 .
One can solve them order by order
hti = h
(0)
ti + kzh
(1)
ti + k
2
zh
(2)
ti + . . . , ai = a
(0)
i + kza
(1)
i + k
2
za
(2)
i + . . . . (B.6)
We consider the sector h
(0)
ti = u, a
(0)
i = 0, thus h
(1)
ti = 0, and the equation for a
(1)
i is
a
(1)′′
i +
(
u′
u
+
h′
2h
)
a
(1)′
i −
(
2q2φ2
u
− A
′2
z
h
)
a
(1)
i −
2iζ√
h
ij
(
u′
u
− f
′
f
)
L1 = 0 (B.7)
with
L1 =
[
−
(
2h′
h
+
f ′
f
)
h
(0)′
tj +
((
f ′′
f
− h
′′
h
)
+
3h′
2h
(
f ′
f
+
h′
h
)
+
A′2z
h
)
h
(0)
tj
]
.
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B.1 Asymptotic expansion
Near boundary, the fluctuations can be expanded as
hti = h
[0]
ti r
2 − h[0]ti
(
k2z
4
+
M2
3
)
+
ln r
r2
[
h
[0]
ti
144
(
9k4z + 16M
4 + 24M4λ+ 6M2k2z
)]
+
h
[2]
ti
4r2
+ . . .
hiz = h
[0]
iz r
2 − h[0]iz
M2
3
+
ln r
r2
[
h
[0]
iz
18
(
2M4 + 3M4λ
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+ 2a
[0]
i bM
2q2
]
+
h
[2]
iz
4r2
+ . . .
ai = a
[0]
i − a[0]i
(
M2q2 +
k2z
2
)
ln r
r2
+
a
[2]
i
r2
+ . . .
vi = v
[0]
i −
k2z
2
v
[0]
i
ln r
r2
+
v
[2]
i
r2
+ . . . (B.8)
where i ∈ {x, y}.
B.2 On shell action
The renormalised action is given by Sren = S + Sbnd with
Sbnd =
1
κ2
∫
r=r∞
d4x
√−γK − 1
2κ2
∫
r=r∞
d4x
√−γ
[
6 +
1
2
R + ...
]
+
log r
4
∫
r=r∞
d4x
√−γ
[
FµνFµν + FµνF µν + |DmΦ|2 +
(
1
3
+
λ
2
)
|Φ|4
]
where γab is the induced metric on the boundary, K and R are extrinsic and intrinsic
curvatures respectively. The renormalised on-shell action contains the following terms at
quadratic order in fluctuations
Son-shell ⊃
∫
dkz
2pi
d3x
[
2a[0]x (−kz)a[2]x (kz) + 2a[0]y (−kz)a[2]y (kz)
− h[0]tx (−kz)h[2]tx (kz)− h[0]ty (−kz)h[2]ty (kz)
+ h[0]xz(−kz)h[2]xz(kz) + h[0]yz(−kz)h[2]yz(kz)
+O(k2z) + contact terms
]
, (B.9)
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where
contact terms =
(
h
[0]
tx (−kz)h[0]tx (kz) + h[0]ty (−kz)h[0]ty (kz)
)(
4f3 − 7M
4
36
+ 2MO −Mb
)
+
(
h[0]xz(−kz)h[0]xz(kz) + h[0]yz(−kz)h[0]yz(kz)
)(
4f3 − 7M
4
12
+ 2MO − Mb
3
− M
4λ
2
)
+M2q2
(
a[0]x (−kz)a[0]x (kz) + a[0]y (−kz)a[0]y (kz)
)
+
(
a[0]x (−kz)h[0]xz(kz) + a[0]y (−kz)h[0]yz(kz)
) (−bM2q2 − 2ξ)
− 1
2
bM2q2
(
h[0]xz(−kz)a[0]x (kz) + h[0]yz(−kz)a[0]y (kz)
)
+O(k2z) . (B.10)
With the sourceless boundary condition for ai, i.e. a
[0]
i = 0, we normalized the source
of htj to be h
[0]
tj = 1, where i, j ∈ {x, y} and i 6= j we have
GRi,tj = 2a
[2]
i . (B.11)
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